
c , 

NUMERICAL EVALUATION OF BARRIER PENETRATION AND 

RESONANCE EFFECTS ON PHASE SHIFTS 

by 

R.  B. Bernstein,  C. F. Cur t i s s ,  S. Imam-Rahajoe, and H. T. W O O F  
Theore t i c a  1 Chemistry I n s t i t u t e ,  Urriver s i t y  of Wisconsin 

1 
Madison, Wisconsin 53706 

p.l c97- I7 s 55 
ABSTRACT 

Quantum mechanical c a l c u l a t i o n s ,  based on the  Lennard-Jones 

(12,6) p o t e n t i a l ,  a r e  presented showing the  dependence of the  reduced 

phase s h i f t ,  7* , on t h e  quantum parameter,  h* , for  a f ixed  

reduced e f f e c t i v e  p o t e n t i a l  and var ious  reduced ene rg ie s ,  E". The 

observed o s c i l l a t o r y  behavior of ?*[.') i s  due p r imar i ly  t o  the  

i n c l u s i o n  of t he  p h y s i c a l l y  unimportant c o n t r i b u t i o n  of wv t o  t he  

phase s h i f t ,  where i s  t h e  number of quasi-bound ( v i r t u a l )  s t a t e s  

of energy l e s s  than E*. A modified reduced phase s h i f t ,  ?* 9 

def ined  by exc luding  t h i s  con t r ibu t ion ,  d i sp l ays  only t h e  sharp  

i n f l e c t i o n s  a s soc ia t ed  wi th  b a r r i e r  p e n e t r a t i o n  under resonance 

cond i t ions .  Except f o r  t he  resonance con t r ibu t ion ,  the phase s h i f t s  

may be a c c u r a t e l y  reproduced by a second-order JWKB procedure.  This  

method a l s o  a c c u r a t e l y  p r e d i c t s  t h e  resonant  ene rg ie s  ( i . e .  the  

e n e r g i e s  of the  quasi-bound s t a t e s ) .  The f i r s t - o r d e r  JWKB t reatment  

of the  b a r r i e r  p e n e t r a t i o n  problem by Ford, H i l l ,  Wakano, and Wheeler 

s u f f i c e s  f o r  the  purpose of e s t ima t ing  the  l e v e l  widths  and l i fe t imes 

of the  v i r t u a l  s ta tes  a s  w e l l  a s  the  main f e a t u r e s  of t he  resonant  

phase s h i f t s ,  bu t  does not  accu ra t e ly  reproduce the  quan ta l  c a l c u l a t i o n s .  
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In t roduc t ion  

I n  the  p re sen t  paper,  we p resent  the  r e s u l t s  of a numerical  

s tudy  of phase s h i f t s  which a r i s e  i n  c o l l i s i o n s  between molecules 

which i n t e r a c t  according t o  a Lennard-Jones (12,6) p o t e n t i a l .  We 

cons ider ,  i n  p a r t i c u l a r ,  t he  behavior of t he  phase s h i f t s  under 

cond i t ions  such t h a t  t h r e e  c l a s s i c a l  t u rn ing  p o i n t s  e x i s t .  Although 

the  q u a n t i t a t i v e  r e s u l t s  apply t o  t h e  p re sen t  model p o t e n t i a l ,  most 

of t h e  q u a l i t a t i v e  f e a t u r e s  a r e  c h a r a c t e r i s t i c  of any r e a l i s t i c  

in te rmolecular  p o t e n t i a  1. 

The L. -J. (12,6) p o t e n t i a l  func t ionvmay be w r i t t e n  

where 

cpY(v* )  = 4['" - 1 2  - p - 6 3  

i s  the  depth of t h e  p o t e n t i a l  minimum, U- i s  the  s e p a r a t i o n  

a t  which the  p o t e n t i a l  i s  zero,  and 

sepa ra t ion .  The phase s h i f t s ,  *lp , are def ined by the  asymptotic 

form of  the  s o l u t i o n  of t he  r a d i a l  wave equat ion  

ry= % i s  t h e  reduced 

1 
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i n  which 

the  r a d i a l  wave funct ion,  E*= E/t 
and 

1 i s  the  angular  momentum quantum number, g4(d i s  

i s  the  reduced c o l l i s i o n  energy, 

i s  t h e  de Boer quantum parameter.  

With such a two cons t an t  p o t e n t i a l  func t ion ,  t h e  phase s h i f t s  

a r e  func t ions  of t h r e e  parameters,  for  example, 1 , E", and A* 
I n  the  present  d i scuss ion ,  however, i t  i s  convenient  t o  consider  a 

somewhat d i f f e r e n t  parameter iza t ion .  For t h i s  purpose, we in t roduce  

the  reduced impact parameter 

where 

and the  reduced angular  momentum 
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The reduced e f f e c t i v e  p o t e n t i a l  i s  

the  sum of the  t r u e  p o t e n t i a l  and the  c e n t r i f u g a l  p o t e n t i a l ,  

determined by L” . We s h a l l  consider t he  phase s h i f t s  a s  func t ions  

of L“ , E* , and JL” (or occas iona l ly ,  1 ). 
The e f f e c t i v e  p o t e n t i a l  depends pa rame t r i ca l ly  on the  angular 

momentum, L* . For 

t h i s  func t ion  has both a minimum and a maximum, and thus  f o r  a range 

of energy, t h r e e  c l a s s i c a l  tu rn ing  po in t s  e x i s t .  The e f f e c t i v e  

p o t e n t i a l  f o r  L” =(I.6)’= 1,2649 i s  i l l u s t r a t e d  i n  F ig .  1. 

For t h i s  va lue  of t he  reduced angular momentum, t h r e e  c l a s s i c a l  

t u rn ing  p o i n t s  e x i s t  for  energ ies  i n  the  range 

0.216247 < E ”  < 0.40080y , 

A l l  of the  numerical  values  of t he  phase s h i f t s  presented i n  t h i s  

paper r e f e r  t o  t h i s  value of 

c a l c u l a t i o n s  a r e  r e s t r i c t e d  t o  nine va lues  of t h e  reduced energy. 

F ive  of t hese  va lues  a r e  i n  the range leading  t o  th ree  c l a s s i c a l  

L* . For the  most p a r t ,  t h e  
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t u r n i n g  po in t s .  I n  a d d i t i o n  t o  these  va lues ,  one lower va lue  and 

t h r e e  higher va lues  of t h e  energy a r e  considered. 

and these  va lues  of 

For t h e  given L" 
E*, t h e  phase s h i f t  i s  then considered a s  a 

funct. ion of t he  quznturr. p a r m e t e r ,  

A* i s  considered as a continuous 

of course ,  r e s t r i c t e d  t o  va lues  of 

A* . Although i n  t h e  f i g u r e s  

var i a b  l e ,  t h e  c a l c u l a t i o n s  were, 

n' corresponding t o  i n t e g e r  R . 
(The de f i . n i t i on  of t he  phase s h i f t ,  however, may e a s i l y  be genera l ized  

t o  non-integer va lues  o f  R .) 
Numerical Procedures 

The phase s h i f t s  were computed by d i r e c t  numerical  i n t e g r a t i o n  V 
of t h e  r a d i a l  wave equat ion ,  (Eq.  3 ) ,  us ing  Runga-Kutta-Gill and de 

Vogelaere methods. 

a f t e r  four "apparent phase s h i f t s "  agreed t o  w i t h i n  10 r ad ian ,  a 

small  " t runca t ion"  c o r r e c t i o n  was added. The c o r r e c t i o n  t e r m  i s  

based on t h e  use of a JWKB approximation t o  t h e  remaining p o r t i o n  

of wave func t ion .  The added t e r m  on t h e  phase s h i f t  i s  2 A / S E  's* 
where %* i s  t he  va lue  of r a t  which t h e  numerical  i n t e g r a t i o n  

i s  terminated. The r e s u l t i n g  phase s h i f t s  a r e  be l i eved  t o  be 

accu ra t e  t o  t o .  0001 r ad ian .  

The procedure of Ref. 2 was used except  t h a t ,  

-4 

u 5  

* 

R e s u l t s  

Table A l ,  of t h e  Appendix, p r e s e n t s  t h e  r e s u l t s  of t h e s e  

computations and a number of re la ted q u a n t i t i e s  ( t o  be d i scussed ) .  

I n  the  c l a s s i c a l  l i m i t  ( A+o or  t h e  reduced mass p+ 00 ) t h e  
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* 
quantum parameter A*+O ; t h e  magnitude of may, thus,  be 

regarded a s  a measure of t he  quantum cha rac t e r  of t he  c o l l i s i o n .  I n  

the  c l a s s i c a l  l i m i t ,  t he  phase s h i f t  becomes i n f i n i t e  bu t  t he  

product 

taken t o  be the energy, E" , and e i t h e r  L. or the  impact 

Y 

becomes of funct ion of two parameters,  which may be 

parameter, k* Hence i t  i s  convenient t o  introduce the  reduced 

phase s h i f t  

Values of t h i s  q u a n t i t y  a r e  a l s o  tabula ted  i n  Table A l .  

The dependence ,of t he  reduced phase s h i f t ,  ?* , on the  
Y 2  

b 

quantum parameter, A* , f o r  L = 1.6 and a number of values  

of t he  energy i s  i l l u s t r a t e d  i n  F igs .  2 and 3. I n  Fig.  2, t he  

a b s c i s s a  i s  , which according t o  Eq. 7 i s  p ropor t iona l  t o  

I n  Fig.  3,  t he  absc i s sa  i s  I n  Fig.  2, a s  one proceeds t o  

t h e  r i g h t  (smaller  va lues  of 

1 YAY. 

K" . 
) t he  system becomes "more 

c l a s s i c a l " ;  in Fig.  3 the  c l a s s i c a l  l i m i t  i s  approached a t  t he  l e f t .  

ex i s t ence  of t he  minimum and maximum i n  @* implies  t he  

e x i s t e n c e  0.5 a number of quasi-bound or v i r t u a l  s t a t e s  of p o s i t i v e  

energy. 

maximum of , given, i n  t h i s  case,  by Eq. 10. The number of 

v i r t u a l  s t a t e s  i nc reases  a s  the  system becomes more c l a s s i c a l ,  

i . e .  a s  becomes smal le r .  Thus a t  a f ixed  value of E', a 

These are i n  the  energy range between the  minimum and 
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discrete  s e t  of va lues  of ff e x i s t s  f o r  which t h i s  va lue  of 

i s  the energy of a v i r t u a l  s ta te .  

of Jl" a r e  marked by the  passage of a node i n  the  r a d i a l  wave 

E" 
I n  the c a l c u l a t i o n s  these  va lues  

futx t i o n  from the ou te r  c l a s s i c a l  reg ion ,  through the  p o t e n t i a l  

b a r r i e r  ( the c l a s s i c a l l y  forbidden r eg ion )  i n t o  t h e  inner  " c l a s s i c a l "  

reg ion ,  as t h e  va lue  of n" i s  decreased ( a t  cons t an t  

va lue  of 

E' >. The 

/(* a t  which a node f i r s t  e n t e r s  t he  non-c l a s s i ca l  r eg ion  

i s  ind ica t ed  by a mark on the  curves i n  F igs .  2 and 3. I n  the  

neighborhood of each of t hese  va lues  of 

i n c r e a s e s  by n . This  r e s u l t s  i n  a series of maxima i n  t h e  

reduced phase s h i f t ,  y* . As t h e  system becomes more c l a s s i c a l  

t he  maxima occur a t  smaller i n t e r v a l s  i n  

./f , t h e  phase s h i f t  

/f and are more 

"saw tooth"  i n  na tu re .  It i s  seen from Fig .  3 t h a t  a t  e n e r g i e s  

below o r  wel l  above those  lead ing  t o  t h r e e  t u r n i n g  p o i n t s ,  t he  

reduced phase s h i f t  approaches a " c l a s s i c a l  l i m i t ' '  smoothly as 

K* 0 . A t  ene rg ie s  i n  the  t h r e e  t u r n i n g  p o i n t  range,  ry 
o s c i l l a t e s  wi th  i n c r e a s i n g  frequency but  dec reas ing  ampli tude as 

h* 9 0 . Nevertheless ,  a l i m i t  appa ren t ly  e x i s t s .  

For va lues  of L" and E* l ead ing  t o  one c l a s s i c a l  t u r n i n g  

poin t ,  t h e  l i m i t i n g  va lue  of 7' i s  g iven  by t h e  w e l l  known f i r s t -  

o rder  JWBK approximation. 

s h i f t  i n  powers of P lanck ' s  cons t an t  a p p l i c a b l e  t o  c a s e s  i n  which 

any (odd) number of t u r n i n g  p o i n t s  occur has  been d e v e l o p e d q  The 

A more gene ra l  expansion of t h e  phase 

r e s u l t  of t h i s  development i s  t h a t  t h e  reduced phase s h i f t  i s  
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expanded i n  powers o f  A*% and may be w r i t t e n  

where 

and 

I The t h r e e  i n t e g r a t i o n s  a r e  over those r eg ions  of Ty f o r  which the  

integrands a r e  r e a l ,  i .e. over the "c l a s s i ca l "  reg ions .  Thus a t  

e n e r g i e s  lead ing  t o  t h r e e  tu rn ing  poin ts ,  7*" and 7*@) each 

c o n s i s t  of two c o n t r i b u t i o n s :  one from the  i n t e g r a t i o n  between the  

two inner  t u rn ing  po in t s ,  i .e .  the "inner" con t r ibu t ion ,  

and one due t o  the  i n t e g r a t i o n  from t h e  outer  t u rn ing  po in t  t o  

i n f i n i t y ,  t h e  "outer" cont r ibu t ion ,  

c o n t r i b u t i o n s  t o  ?*" and ?*(" are  given i n  Table 1, f o r  L*== 1.6 

and s e v e r a l  va lues  of 

3:"' , 

. Values of t h e  two fi) 
E* . 

It fol lows from Eq. 1 2  t h a t  y*(') i s  the  reduced phase s h i f t  

i n  t h e  c l a s s i c a l  l i m i t .  The numerical va lues  of 7*(') given i n  

Table  1 a r e  i l l u s t r a t e d  i n  F ig .  4 .  A t  ene rg ie s  lead ing  t o  t h r e e  
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kurning po in t s  t h e  two sepa ra t e  con t r ibu t ions  are i l l u s t r a t e d  i n  

t h i s  f igure .  The lower curve i s  the  "outer" con t r ibu t ion ,  

and the  upper curve i s  the  sum of the  "inner" and "outer"  

con t r ibu t ions ,  + 7 y  . 
The s o l i d  s t r a i g h t  l i n e s  i n  F ig .  3, a t  ene rg ie s  lead ing  t o  one 

7u(') and 7*@) t u r n i n g  point ,  a r e  given by Eq. 7 w i t h  the  va lues  of 

given i n  Table 1. The i n t e r c e p t ,  

JWBK r e s u l t .  

T*", i s  the  usua l  f i r s t  o rder  

It  i s  seen i n  t h i s  f i gu re ,  t h a t  t h e  d e v i a t i o n  of  r* 
t 

9 
from the  h o r i z o n t a l  fo r  E = 0.21  and 0.60 i s  adequate ly  descr ibed 

by the  second order  JWBK r e s u l t ,  i . e .  by the  i n c l u s i o n  of 

The va lues  of 

a r e  ind ica ted  by arrows on the  v e r t i c a l  a x i s  of Fig.  3. These 

7*('), a t  ene rg ie s  lead ing  t o  t h r e e  t u r n i n g  po in t s ,  

confirm t h a t  t he  l i m i t i n g  va lue  of t h e  reduced phase s h i f t  i n  t h e  

t h r e e  tu rn ing  po in t  r eg ion  i s  indeed 

con t r ibu t ions  from t h e  two c l a s s i c a l  r eg ions  as d iscussed  above. 

7* as a func t ion  of -A, 

y4'I) , t h e  sum of the  

U 
The sharp sawtooth behavior of 

(or  ) i n  the t h r e e  tu rn ing  po in t  r e g i o n  i s  due p r i m a r i l y  t o  t h e  

phys ica l ly  u n i n t e r e s t i n g  i n c l u s i o n  of a number of m u l t i p l e s  of 'If 

due t o  the  nodes of t h e  r a d i a l  wave func t ion  i n  t h e  inner  r eg ion .  

Let M be the  number of nodes of t he  r a d i a l  wave func t ion  i n  the  

inner  c l a s s i c a l  and c l a s s i c a l l y  forbidden r eg ions ,  i . e .  t h e  number 

of quasi-bound o r  v i r t u a l  s t a t e s  of energy less than  

M= V + I  , where V i s  t h e  v i b r a t i o n a l  quantum number of t h e  

h ighes t  quasi-bound s t a t e  of energy less than  

E'. Thus 

E*. It i s  then  



u s e f u l  t o  de f ine  a modified phase s h i f t  

% =  3- M n  

i n  which the  c o n t r i b u t i o n  of t h e  v i r t u a l  s t a t e s  i s  excluded. The 

modified reduced phase s h i f t  i s  then def ined as 

I n  Fig.  5, ?* i s  p l o t t e d  as a func t ion  of x'at four va lues  

of E* i n  t he  t h r e e  tu rn ing  poin t  range.  (The small p o r t i o n s  

of t hese  f igu res ,  i . e .  O - O l  , a r e  enlarged i n  F igs  A 1, 2, 

and 3 of t h e  Appendix.) A t  lower va lues  of E" ( i .e .  0.31 and 

0.35) most of t he  o s c i l l a t o r y  behavior of 7* ( c f .  F igs .  2 and 3)  

is  removed by t h i s  procedure.  

I f  the  second order  JWKB con t r ibu t ion  t o  the  phase s h i f t  were 

n e g l i g i b l e ,  one might def ine  a " res idua l"  phase s h i f t  as 

i s  the  "outer" con t r ibu t ion  t o  y*f'). I n  Fig.  A 4 

'' i s  p lo t t ed  a s  a func t ion  of 1 . , The 

where 

of  t h e  Appendix, 

d e v i a t i o n  of the  mean curve from zero,  i .e .  t he  o v e r a l l  t rend , i s  
"I, 

9 

a s s o c i a t e d  wi th  second order  (and h igher )  JWKB con t r ibu t ions .  



I n  order t o  i s o l a t e  the  sharp  r i seswin  the  phase s h i f t  

assoc ia ted  wi th  b a r r i e r  pene t r a t ion  under resonance condi t ions ,  we 

de f ine  a "resonance" c o n t r i b u t i o n  t o  the  phase s h i f t ,  

by removing the  "mter" con t r ibu t ions  t o  bo th  the  f i r s t  and second 

order  JWKB approximations.  

(" 

7 r , ,  a s  a func t ion  of 1 Fig .  6 i s  a series of p l o t s  of 

a t  va r ious  va lues  of E* .  The "resonance" phase s h i f t s  a r e  

gene ra l ly  well-behaved and wi th  the  except ion of E* = 0.40, small 

i n  magnitude except near t h e  va lues  of 1 corresponding t o  

resonance. The curve a t  E*= 0.40 shows an o v e r a l l  t rend  from 

ze ro  s ince  near the  broad b z r r i e r  maximum t h e  second order  JWKB 

approximation i s  inadequate and the  higher  order  JWKB c o n t r i b u t i o n s  

('1 a r e  s i g n i f i c a n t .  

i n  Fig.  A 4 i n d i c a t e s  t h a t  t he  second-order JWKB t e r m  i s  an over- 
7 r e s  

(Comparison wi th  the  corresponding curve f o r  

c o r r e c t i o n  i n  t h i s  c a s e . )  S imi la r  cons ide ra t ions  apply  t o  t h e  

r eg ion  of small  1 i n  which t h e  quantum parameter ff i s  

s u f f i c i e n t l y  l a rge  t h a t  t he  t runca ted  series i s  no longer adequate.  

Analysis  of Resu l t s  

The e f f e c t  on t h e  phase s h i f t  of t h e  tunne l ing  and p e n e t r a t i o n  

of t h e  c e n t r i f u g a l  b a r r i e r  has been considered by Ford, H i l l ,  

Wakano, and Wheeler On the  b a s i s  of a f i r s t - o r d e r  JWKB 
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approximation, they  obtained an  express ion  fo r  t h e  "resonance 

con t r ibu t ion"  t o  t h e  phase s h i f t .  Thei r  expression,  v a l i d  a t  

ene rg ie s  no t  too  c l o s e  t o  the  b a r r i e r  maximum, i s  ( i n  the  p re sen t  

n o t a t i o n ) :  

where 

i s  the  "ba r r i e r  p e n e t r a t i o n  in tegra l" .  The i n t e g r a t i o n  i n  t h i s  

expres s ion  i s  between t h e  two outer  t u rn ing  po in t s ,  i . e .  over t h e  

c l a s s i c a l l y  forbidden reg ion .  

The b a r r i e r  p e n e t r a t i o n  i n t e g r a l  and t h e  cons tan t ,  C ( L T  E*), 

may, of course,  be evaluated by d i r e c t  quadrature .  A t  e n e r g i e s  

n o t  t o o  f a r  below the  b a r r i e r  maximum, t h e  cons t an t  may a l s o  be 

approximated by use of a parabol ic  approximation f o r  t he  e f f e c t i v e  

n n t e n t i n l  r - ---- - - -- @* . The curva ture  of &* a t  the  b a r r i e r  maximum, 

and t h e  approximation g ives  
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1 2  . 

2 
Values of C[L: e*) fo r  

given i n  Table 2 fo r  t he  four  "standard" ene rg ie s  of t he  present  

s tudy.  For t h i s  example, +:,= 0.400804 and #=  1.5478. It i s  

seen  from t h e  t a b l e  t h a t  i n  t h i s  case  the  maximum e r r o r  i n  t h e  

pa rabo l i c  approximation t o  the  i n t e g r a l  i s  about 1 7 %  . 

= 1.6, obtained by the  two methods, are 

From Eq. 19, i t  follows t h a t  t he  resonance cond i t ion  on A i s  

where A, i s  the  va lue  of A l ead ing  t o  t h e  mtl. resonance 

(m = 1,2,3,. . . >. 
p r i n c i p a l  va lue ,  then  a s  

t o  ."-/2, f a l l s  d i scont inuous ly  t o  -vZ and beg ins  t o  r ise 

- I  
I f  t he  d of Eq. 19 i s  i n t e r p r e t e d  as the  

A i nc reases  through 4, , t, rises 

again.  The discont inuous jump of 'IC i s  a s s o c i a t e d  wi th  t h e  

d e f i n i t i o n  of  7 Eq. 15. I f  i n  t h e  second e q u a l i t y  of Eq. 19, 
- I  

i s  replaced by 7 , then  the  va lue  of t h e  cof must be 

determined from the c o n t i n u i t y  of t he  phase s h i f t .  

L e t  us def ine  
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and write the  resonance condi t ion,  Eq. 23, i n  the  form 

l -  

' -  

From t h i s  form it follows t h a t  

cond i t ion  of resonance i s  t h a t  

if jt" i s  s u f f i c i e n t l y  small the  

(1 1 M be an i n t e g e r .  From t h e  

d e f i n i t i o n ,  Eq. 24, t h i s  impl ies  t h a t  t he  resonances should be 

e q u a l l y  spaced i n  1 . This  i s  i n  q u a l i t a t i v e  accord wi th  the  

r e s u l t s  shown i n  F igs .  2 and 6. The arrows on t h e  absc i s sae  of 

F igs .  5 and 6 denote t h e  va lues  a t  which 

va lues  of Jl" or 1 a t  which a node of the  r a d i a l  wave func t ion  

e n t e r s  t he  c l a s s i c a l l y  forbidden region, a s  determined by t h e  d i r e c t  

computations) a r e  ind ica ted  by bars  ( l a b e l l e d  by M ) above the  

axis on F ig .  6 .  Although the  semic la s s i ca l  r e s u l t s  a r e  i n  f a i r  

agreement wi th  the  d i r e c t  quantum r e s u l t s ,  t he  d i sc repanc ie s  are 

n o t  n e g l i g i b l e .  

(1) M = 1,2 ,3 , .**  . The 

A s  an  at tempt  t o  improve the  agreement, a second- 

M'I' 
orde r  JWKB analogue of may be def ined as 

It may then  be assumed t h a t  the resonance cond i t ion  i s  t h a t  

. It i s  found t h a t  t h i s  modi f ica t ion  improves 1 2  3 ... 
the p r e d i c t i o n  of the  resonance ene rg ie s .  

, Y J  

The d e t a i l e d  shape of t h e  resonance c o n t r i b u t i o n  t o  the  phase 



s h i f t  i s  a l s o  inf luenced by the  second order  JWKB e f f e c t s .  The 

semi -c l a s s i ca l  express ion  f o r  (" given by Eq. 19 agrees  only 

q u a l i t a t i v e l y  with the  resu l t s  of the  d i r e c t  quantum c a l c u l a t i o n s  
L S  

given i n  Fig.  A 4 of t h e  Appendix. 

t h i s  equat ion may be improved cons iderably  

Empir ical ly ,  i t  i s  found t h a t  

by the  i n t r o d u c t i o n  

of second-order JWKB terms. Thus i t  i s  pos tu l a t ed  t h a t  

It i s  found by comparison wi th  the  numerical  r e s u l t s  of t he  

previous s e c t i o n  t h a t  a l though t h i s  modi f ica t ion  improves the  

agreement and desc r ibes  the  genera l  f e a t u r e s  of t h e  resonance 

phase s h i f t s  q u i t e  we l l ,  i t  i s  not  q u a n t i t a t i v e l y  s a t i s f a c t o r y .  

For example, the  quantum c a l c u l a t e d  curves  of 

( see  Table A 1 and Fig .  6 )  are very  n e a r l y  symmetric about zero  

(with the  except ion  of t he  r e s u l t s  a t  very  low 1 

vs. .! 
r 0s 

and a t  

E+ 2 @* mrUc ), y e t  Eq. 27 p r e d i c t s  an asymmetrp 

I n  the preceding d i scuss ion ,  w e  have considered t h e  resonance 

s t r u c t u r e  of the phase s h i f t  as i s  va r i ed  a t  f i xed  va lues  

of L" and E* . The l i f e t i m e  of a v i r t u a l  s t a t e  and t h e  

width of the resonance c o n t r i b u t i o n  t o  t h e  s c a t t e r i n g  c r o s s  s e c t i o n ,  

however, depend on the  v a r i a t i o n  of t h e  phase s h i f t  w i th  E' f o r  

f ixed  values  of L4 and n* . I n  order  t o  i n v e s t i g a t e  t h e s e  

q u a n t i t i e s ,  a number of computations of a t  c l o s e l y  spaced % 



15 

* 
va lues  of E were carried out .  The c a l c u l a t i o n s  were made i n  the  

r eg ions  of t h e  resonances which occurred a t  t h e  four "standard" 

ene rg ie s  of t h e  p re sen t  s tudy.  The r e s u l t s  of these  resonance scans 

are given i n  Table 3 and some of t he  r e s u l t s  are i l l u s t r a t e d  i n  

F ig .  7. 

I n  the neighborhood of each resonance the  phase s h i f t  a s  a 

func t ion  of E" inc reases  more or less abrup t ly  by about e. 
The "quantum" va lues  o f '  the  resonance energy l i s t e d  i n  Table 3 

are  those  va lues  of 

maximum s lope )  occurs  i n  

E" a t  which a po in t  of i n f l e c t i o n  (a poin t  of 

(E*). The "semi-c lass ica l"  va lue  of 

E:e5 i s  t h a t  a t  which M'" defined by Eq. 26 t akes  on t h e  higher  
7 1  

of the  two i n t e g e r  va lues  ind ica ted  i n  the  

With the  except ion  of t he  one broad resonance a t  

M column of t h e  t a b l e .  

E* = 0.40, t h e  

average e r r o r ' i n  t he  p r e d i c t i o n s  of E:s i s  1 p a r t  i n  3000. 

The gene ra l  problem of p red ic t ing  resonance ene rg ie s  EL:,('!, 1) 

i s  of some importance. 

is, of cobrse,  f ixed  by the  reduced mass and p o t e n t i a l  cons t an t s .  

A t  t h e  d i s c r e t e  va lues  of 

each  of t h e  r o t a t i o n a l  quantum numbers 1 ,  t h e  i n t e g r a l s  

and f" are computed a s  func t ions  of t (by Eqs. i 3  and 1;). 

The reduced resonance ene rg ie s  E w s ( V , l )  are those va lues  of E 
f o r  which the  r i g h t  s i d e  of Eq. 26 t akes  on t h e  i n t e g e r  va lues  

For a p r a c t i c a l  system the va lue  of H 
l 

L* , (given by Eq. 7 )  corresponding t o  

7'*lt) 
-* 

* * 

= v + 1 , where v i s  the v i b r a t i o n a l  quantum number. 

The maximum s lope ,  (dyc/dE)mAx , i s  simply re la ted t o  t h e  

leve l  width r and the  lifetime /r of the  v i r t u a l  s ta te ,  



Ford, H i l l ,  Wakano, and Wheelerwhave developed a n  approximate 

express ion  f o r  t hese  q u a n t i t i e s v  I n  the  p re sen t  no ta t ion ,  t h i s  i s  

where 

and r*= (& i s  a "reduced" l e v e l  width.  Values of 

f o r  t h e  present  example are  given i n  Table 4. Values of (dy,/dEy)wr 
and 

the  d i r e c t  quantum computations i n  Table 3; t h e  r e s u l t s  are i n  

f a i r  agreement. 

F(L:  E') 

r* ' thus  c a l c u l a t e d  a r e  compared wi th  the  resul ts  of 

The reduced t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n  i s  

where 
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i s  t h e  p a r t i a l  c r o s s  s e c t i o n  due t o  the  phase. I n  the  r e g i o n  

of a resonance the  corresponding p a r t i a l  c r o s s  s e c t i o n  v a r i e s  

r a p i d l y  wi th  energy, while  t he  remaining c o n t r i b u t i o n s  t o  the  c r o s s  

s e c t i o n  vary  s lowly (on t h e  same scale).  F ig .  7 i l l u s t r a t e s  TL (E*)  

and the  corresponding con t r ibu t ion  Ql'cEp) t o  the  reduced t o t a l  

c r o s s  s e c t i o n  f o r  t he  t h r e e  resonances (Table 3)  of measurable width.  

The p a r t i a l  c r o s s  s e c t i o n  curves are of t h e  t y p i c a l  resonant  

I f  t he  resonances do not s e r i o u s l y  overlap,  t hese  shapes s h a p e y  

should be observable  a s  pe r tu rba t ions  on an  otherwise smooth 

background i n  low energy ( i . e .  , E'S 0.8 ) molecular beam s c a t t e r i n g  

measurements. They should be e a s i l y  d i s t i n g u i s h a b l e  from t h e  broad, 

symmetric ( p o s i t i v e  and negat ive)  undula t ions  i n  Q(E) f o r  E 10.8 
i . e . ,  t he  e x t r e m a - e f f e c x  

resonances i t  should be poss ib l e  t o  i n f e r  cons iderable  informat ion  

about  t he  s c a t t e r i n g  phase s h i f t s  and thus  t h e  i n t e r a c t i o n  p o t e n t i a l  

Y z ,  

> 

From t h e  widths  and shapes of t h e  
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Table lv 

0.21 

0 .22  

0.23 

0.31 

0.35 

0.39 

0.40 

0.41 

0.45 

0.60 

0.037795 

0.040865 

0.04407 3 

0.076146 

0.098992 

0.133686 

0.149181 

0.386506 

0.44958 1 

0.482049 

3.914 x ~ O - ~  

4 . 3 6 4 7 ~ 1 0 - ~  0.00382 4.5 128x10- 

4 . 8 6 9 5 ~ 1 0 - ~  0.01383 5 . 0 1 7 7 ~ 1 0 - ~  

1 . 2 8 8 7 ~ 1 0 - ~  0.09024 1.331 x ~ O - ~  

2 .6213~10-~  0.13048 2.675 x ~ O - ~  

1. 3554x10-1 0.18040 1.362 x10-1 

1.8281 0.19943 1.8288 

-3.2096~10-' 

- 7.4 29 3x10- 

- 2 . 9 7 4 2 ~ 1 0 - ~  

- - - - -  
4 / .  Entries  refer t o  the "standard" case of the present study, Le. ,  

an L.-J .  (12,6) potent ia l  with L*2 = 1.6. 



E* 

0.31 

0.35 

0.39 

0.40 

Table 2 

~(1.2649, E*) 
Parabolic approx. Quadratur ew 

1.019 0.971 

0.570 0.514 

0.1212 0.104 

0.00903 0.008 

e - - - -  

\9/From unpublished calculat ions of P.  M. Livingston 
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Table 4 

F(1.2649, E*) 

E* 

F 

0.31  

1 5 . 3  

0.35 

18 .4  

0 .39  

3 1 . 1  

21 

0.40 

38.9 
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APPENDIX 

Table A 1  (1-7)  l ists the  r e s u l t s  of the  main body of 

computations. The column headings have the  fol lowing meanings 

( see  t e x t  for  d e f i n i t i o n s )  : 

' ESTAR E* 

LAMBDAS TAR n* 
L 1 

ETA 

ETASTARTILDA 

ETASTAR 

ETASTARCALC 

7" 
T* 
+I* 

ETARES /q@) 

(reduced energy) 

(quantum parameter ) 

( o r b i t a l  angular momentum or r o t a t i o n a l  
quantum number) 

(phase s h i f t )  

(modified reduced phase)  

(reduced phase) 

( ca l c ' d  v i a  2nd-order JWKB) 

(resonance phase s h i f t )  

M 

Mu 

L n?I 
(node index) 

pfL) (2nd-order JWKB node index)  

F igures  A 1 - 3  a r e  "enlarged" graphs of t he  quantum-computed 

*'L * 3' vs.  f o r  var ious  values  of E . I n  a d d i t i o n  t o  the  four  

"standard" E ' s  ( c f .  F ig .  5), r e s u l t s  a r e  presented a t  E = 0.2i, 

0.22, 0.41, 0.45 and 0.60. The s t r a i g h t  l i n e s  shown rep resen t  t h e  

second-order JWKB c a l c u l a t i o n s .  Occasional ly  the  quantum p o i n t s  a r e  

connected by smooth curves f o r  c l a r i t y .  

b * * 

* * 
P a r t i c u l a r  a t t e n t i o n  i s  ca l l ed  t o  Fig.  A3, E = 0.41  (*-,I; 
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i t  i s  found t h a t  the  per iod of t h e  o s c i l l a t o r y  p a t t e r n  may be w e l l  

accounted for  by the JWKB express ion  (Eqs. 24 and 25) appropr i a t e  
* *  

*(I) est imated by a s h o r t  e x t r a p o l a t i o n  “7; f o r  E < wi th  a va lue  of 

of t he  e n t r i e s  of Table 1 t o  E = 0.41. 
* 

(1) F i g .  A 4  is a graph s i m i l a r  t o  Fig.  6 ,  bu t  wi th  the  . 
Most of the asymmetry about t he  ze ro  l i n e  i s  removed by inc lud ing  

the  second-order JWKB terms ( c f .  F ig .  6 ) .  
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LEGENDS FOR FIGURES 

1. 

2. 

3. 

)I+ The reduced e f f e c t i v e  p o t e n t i a l  4*(r') for  L = 1.6. Shown 

a r e  a number of va lues  of E i n v e s t i g a t e d .  

Reduced phase a s  a fucc t ion  of 1 f o r  v a r i o u s  va lues  of E , 
a l l  a t  cons tan t  4 (r 1 w i t h  = 1.6.  The v e r t i c a l  b a r s  on 

the  curves a t  the  four "standard" e n e r g i e s  denote va lues  of 2 
a t  which a node e n t e r s  t he  c l a s s i c a l l y  forbidden r e g i o n  (see t e x t ) .  

Note t h e  o s c i l l a t o r y  behavior even for  e n e r g i e s  E* > pmx = 0.4008 

( the  dashed curves) .  

Reduced phase a s  a f u n c t i o n  of K 2  fo r  var ious  va lues  of 

a l l  a t  cons tan t  t*(r*).  

The s o l i d  s t r a i g h t  l i n e s  through the  quantum-computed p o i n t s  a t  

3; 

* * 
* *  

* 

E*, 

The v e r t i c a l  b a r s  a r e  a s  i n  F ig .  2.  

* 
E = 0.21 and 0.60 a r e  second-order JWKB c a l c u l a t i o n s .  The 

o s c i l l a t o r y  behavior a t  

@s i n  F ig .  2 ) .  

denotes t h e  f i r s t - o r d e r  JWKB l i m i t  {'I) ; fo r  E = 0.31 and 

0.40 t he  arrows des igna te  the sum of t h e  inner  and outer  c o n t r i b u t i o n s :  

E" = 0.41 (dashed curve)  i s  t o  be noted 

The arrow on the  o r d i n a t e  s c a l e  for  E* = 0.41 

* 

vf') = 70 *(I) +?:(I) ( see  a l s o  F ig .  4 ) .  The dot ted  l i n e s  

i n d i c a t e  "mean values"  of the o s c i l l a t o r y  reduced phases.  

4.  F i r s t - o r d e r  JWKB reduced phases f " )  v s .  E* f o r  t h e  s tandard 

o*(r*) wi th  L*2 = 1.6 .  The dashed l i n e s  denote the  range of E* 

i n  which t h r e e  t u r n i n g  poin ts  e x i s t  (Eq. 10). I n  t h i s  r e g i o n  

two curves a r e  shown: t h e  lower i s  , t h e  upper i s  the  sum 
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7;") +?:(I) (see a l s o  F ig .  3 ) .  The curve l abe l l ed  J . -B.  

represents the  Jeffreys-BOrn approximation fo r  t h e  reduced phase, 

7*= 3n/8E*bJC5 , which becomes ( fo r  L *2 * * 3 / 2  
= 1.6) simply 7 = 0.36383 

5. The modified reduced phase ?* v s .  A** f o r  t he  s tandard  ene rg ie s .  

The s o l i d  curves  r ep resen t  the  quantum computations.  

on t h e  ord ina te  scales i n d i c a t e  the  va lues  of The b a r s  on 

the  absc i s sa  (and occas iona l ly  a shaded r eg ion  r e f l e c t i n g  the  range 

of unce r t a in ty )  denote  p o s i t i o n s  of t he  node changes ( c f .  F ig .  2). 

The arrows on t h e  absc i s sa  show t h e  1s t -o rde r  JWKB p r e d i c t i o n s  

( i . e . ,  A 
fo r  E * = 0.39, 0.40 connect p o i n t s  for  which M = h a l f - i n t e g e r .  

The arrows 

*2 f o r  which Pi(') = i n t e g e r ;  c f .  Eq. 24) .  The dashed l i n e s  

6. The resonance phase s h i f t  7::: vs .  ,! a t  t h e  s tandard  ene rg ie s .  

The p o i n t s  are t h e  quantum-computed va lues ,  connected by smooth 

curves.  The v e r t i c a l  b a r s  denote the  node changes ( c f .  F igs .  2 and 

3), wi th  ind ices  M; t h e  arrows show t h e  1s t -o rde r  JWKB p r e d i c t i o n s  

( M ( l )  = i n t e g e r )  as i n  F ig .  5.  

except  near t h e  resonances (except f o r  

(2) Note t h e  near -zero  va lues  of )Ires 
E* = 0.40 and a t  smallR ; 

see text). 

7 .  Resonance d e t a i l  f o r  t h r e e  c a s e s .  The upper curve shows 
* * * %/" v s .  E ; the  lower one Ql vs .  E (see Eq. 31). Depending 

upon the  "ambient" va lue  of 

t he  c r o s s  s e c t i o n s  are obta ined;  t he  minimum i n  

d i f f e r e n t  shapes of resonances  i n  

occurs  when 

s l i g h t l y  

d i f f e r e n t  than  Eres ( t he  p o s i t i o n  of the  i n f l e c t i o n  i n  ?:E*)). 

* 1 
QA * 

"'/1 /n i s  i n t e g e r ,  which occurs  ( i n  gene ra l )  a t  a n  E 
* 



. 

* 
r e p r e s e n t s  t h e  "ambient (non-re sonant  ) 

Q123 The dashed l i n e  i n  

c o n t r i b u t i o n  t o  t h e  c r o s s  sec t ion .  The "widths" of t h e  resonances 

are w e l l  approximated by r* (Table 3) .  

#* *2 
A l ,  Modified reduced phase 7 vs. /"L fo r  E* = 0.21, 0 .22  and 0.31. 

* 
Sol id  s t r a i g h t  l i n e s  are second-order JWKB p red ic t ions .  

A2. Same as Fig .  A l ,  f o r  

A 3 .  Same as F igs .  A 1  and A2, f o r  E = 0.41, 0.45 and 0.61. 

A4. Resonance phase s h i f t  7") ( i . e . ,  f i r s t - o r d e r  JWKB) vs.  1 a t  t h e  

E* = 0.35, 0.39  and 0.40. 

* 

r e s  

s tandard  energ ies .  Compare wi th  F ig .  6 ( i . e . ,  second-order JWKB 

approximation).  

27 

* * The o r d i n a t e  on t h e  f i g u r e  for  E = 0.22  l abe l l ed  0.04096 
should read 0.04086. 
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0 143 166 
a 149722 
a222451 

123385 
0 128957 
a 131337 
0 134637 
a 135320 

135542 
0 135846 
0 137220 
0 163387 

130579 
0 132880 
0133610 
a 134558 
0 134570 

a 133991 

- - .  ̂ ._ Aa-eAa 

E T A S 1  AR 

a041247 
0 126636 
0152900 
a 163863 
a 169352 
0172586 
a 174878 
0 176896 
a 179062 
0181747 
a 165395 
0 190708 
a 198983 
a213035 
a239729 
a409445 
a 420257 
a 4 19 089 
a405718 
0389169 
a345153 
0317597 
0 304254 
0 296464 
0286294 
0 2 7808 1 
0274367 
0275726 
a 343662 
a361263 
0362470 
0360642 
a344992 
a329616 
0316059 
a293939 
a286068 
a308832 
0346282 
a346172 
a344546 
0324505 
a 307327 

031528U 
-9 n - -3.1 I. a & z a L . # - r  

ETASTARCALC 

30 938773 
10503518 

0832560 
a556473 
0416709 
0336324 
a285690 
0252184 
a228550 
0211341 
0 198423 
a188479 
a180663 
0 174406 
a 169322 
0 158701 
0482521 
0464460 
a433408 
0407673 
a 351520 
a319725 
a304741 
0296022 
0284492 
a274489 
.268526 
a263048 
0257997 
0374555 
0370081 
a365771 
a346380 
a329979 
0315926 
0 293100 
0283705 
0280249 

a 348047 
0345667 
a 32-8 1 
a307145 ------ - >Q>606 - 
0315253 

.3504a2 

MU 

1 a 4 4 4  
1.112 

0986 
a928 
a902 

0693 
a900 
a912 
0926  
0944 
a963 

1 004 
l a 0 2 7  
la098  
1.122 
1 a 147 
1 a 198 
10250  
la409  
1 545 
10627 
1 a682 
1 a 764 
10847 
10903  
1 a958 
2.014 
2.042 
2.070 
2 a098 
20238  
2.378 
2.518 
2 799 
2 a940 
20996  
30024  
30052  
3.081 
30363 
3.645 
3.927 
50483  

.a92 

.993 

I 

€TARES I 

-2 a8664 I 

-1 .6995 
-1 1745 

- .a723 

I 

-06717 I 

-05255 
-a41 11 
-03159  
-02321  
-a  1 5 3 4  
- .0740  

00138 
01221  
0 2 7 6 5  
a3388 

2 0 2 9 0 2  
-a 5 9 9 4  
-a4592 
- .3076  
-02238  
-a0959  
-a0373  
- a  0 0 9 2  

a 008 8 
a 038 7 
a0825  
a 1398  
a3161  

2 . 2 2 0 4  
-a3511 
-a 2 048 
-a  1 4 0 5  
-a0414 
-a0117 

0046 
0 0 3 3 3  
a0997  

l a 2 3 4 8  
-a 163  5 
-00829 
-a0501 

00012 
a 0 1 0 0  
a0320  
0 0 0 2 3  
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~r 

, 
I 

I '  

5.2904 
3.1791 
L.270d 
1.6450 
1.0597 

7569 
e6358 
5 128 

04296 
04076 
03877 
0 3b97 
03532 
03117 
0 2 7 0 9  
-2445 

1962 
1747 
1b06 

0 1 5 7 4  
01543 

1514 
1407 
1314 

0 1 0 5 3  
0 0 9 0 7  
00975 
009b3 
0 0 9 4 1  
e0878 
- 0 7 9 1  
0 0 7 0 8  
00753 
.073Y 
0 0 7 1 9  
0 0 7 0 6  

0 6 9 4  
006.2 
- 0 6 7 1  

0660 
0 6 0 9  
Ob00 

00507 
0 0 5 7 8  
0 0 5 6 6  
00558 

0546 
0 0 5 3 9  
0 0 5 2 8  
- 0 5 1 1  
.u495 
00480 

0466 
0 4 5 8  
0 4 5 3  

00440 
0428 
04A 7 

0 0 4 0 7  
00396 

L 

1 
L 
9 

5 
7 

l u  
Ad 
15 
1u 
1Y 
20 
21  
22 
d 5  

3L 
4 0  
4 5  
4Y 
5il 
51 
5L 
56 
6U 
75 
90 
0 1  
Y L  
8 4  
90  

1 0 0  
103 
1 0 3  
107 
110 
112 
114 
L 16 
l l a  
120 
130 
132 
1 3 i  
137 
140 
142 
145 
147 
150 
152 
16U 
165 
170 
173 
175 
100 
185 
1 YO 
195 
2 0 0  

2a  

M 

0 
r) 

u 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
i 
1 
1 
2 
z 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 

E T A  

00307 
l b l 5  

02765 
04918 

7069 
1.0757 
1.4162 
2 6268 
3.9981 
4 . 2 ~ 6 1  
4.3685 
4.5059 
4.7987 
5 . 1 j 5 7  
5.2360 
5.6C51 
6.3977 
7.3932 
9 .4440 
9.6658 
9.8343 
9.9740 

10.4153 
10.7926 
12 .3190 
14 .8516 
15.1022 
15.2834 
15 .5550 
16.1599 
17.0729 
17 03056 
17.6442 
18.0392 
19.7297 
20.5238 
20 .8784 
21.1246 
21.3330 
2 1 5245 
22 .4254 
22 .6150 
22 .9336 
23.2091 
24 .  1630 
25.5625 
26 .3227 
26.5781 
26.8866 
27 .3415 
L7.701Y 
28.2565 
29.0060 
30.8L99 
3 1 5768 
32.2432 
32.7071 
33.1419 
33.5972 
34.1751 

E T A S T A R T I L D A  

m040942 
12Y 196 
157994 
178845 

0188518 
0204892 
0226588 . 338945 
a432233 
0109181 
0119703 

126915 
147301 
1564C2 
146975 
151602 

m160797 
186446 

0254644 
133966 

0 1 3 7 9 ~ 6  
140602 
146271 
149071 
15988Y 

e212879 
139323 

e 142027 
145095 
148843 
152201 
153833 

e 155818 
160267 
186515 
141465 

e 145189 
146922 
147959 
148683 
151096 
151678 
123022 
154803 
165077 
182402 
145907 
147392 
148553 
149627 . i j u 4 5 4  
151645 
155989 

-174316 
145039 
146407 
149407 
150051 
150871 
152873 

ETAST AR 

0040942 
129196 
15 7994 
170845 

0188518 
0204892 
0 2 2 6 5 8 8  
0338945 
e432233 
0431396 
e426200 
0419156 
0426553 
m4b28U2 

367438 
34493 1 . 3 15937 

0324538 
0381577 
a382805 

38191 3 
0379962 
.36e684 
0356779 
-326331 

368983 
37 0606 

0370506 
0368167 
0357125 
0339759 
0335954 
e334487 

33561 2 
0357099 
0364868 

364689 
0362654 
0360050 
0357253 
e 343684 
0341359 
0338503 
0337586 
0343958 
0358772 
0361824 
'360381 
0357297 
0351659 

0341469 
0340247 
0355388 

0357266 
35263 7 

0347947 
0343706 
0340899 

= * L l d P  . * T I  r. I L 

. 359849 

ETASTARCALC 

51.470423 
18 ob24827 

9.575531 
3 966463 
2.202031 
1.196553 

0888207  
6298 17 

0486574 
0775072 

730450 
0691228 

656528 
0573163 
0511808 
0451833 

37472 1 
0343050 
0323241 
0443299 
0436726 
0430435 
0407768 
0380437 
0335881 

32 3104 
0397848 
0394626 
0388425 

3481 71 
0342082 
0338224 

334518 
0329222 
r381707 
0377489 
0373421 
0369495 
0365704 
.348550 
0345439 
0340952 
0338072 
0333911 
0331238 
0370552 
0367478 
0363023 
0355988 
W9&0 1 

0343221 
0337411 
0334089 
0367740 
0361585 
0355766 
0350259 
0345037 

,371562 

.340079 

MU 

12.804 
7.933 

4 .017  
3.189 
2.584 
2.368 
2.178 
2.081 
2 0 062 
2.048 
2.038 
2.031 
2.030 
2.050 
2.097 
2.239 
2 348 
2.443 
2.46' 
2 .492 
2.517 
2 .619  
2.724 
3.140 
3.283 
3.312 
3.341 
3.400 
3 576 
3.873 
3.963 
4.023 
4.083 
4.174 
4 .234  
4.295 
4 .356  
4.416 
4.477 
4.783 
4 844  
4.936 
4.998 
5 090 
5.152 
5.245 
5.306 
5 . 399 
5.554 
5.709 
5.864 
6 .020  
be113 
6.175 
6.331 
6.487 
6.643 
6 .799  
6.956 

5.864 

€ T A R E S  

-38 .5721 
-23.1195 
-16.4807 
-10.416 0 

-5  0 2  062 
-4 .135  1 
-2 .2543 

-7.5507 

- . 5 0 2 7  
- 3 . 3 5 0 8  
- 3 . 1 1 8 6  
-2 09248 
-2 .5872 
- 2 . 1 7 2 1  
-2 0 57 3 
-1 .7372 
-1 1 9 0 4  

- . 4 2 1 1  
1 . 4 4 3 8  

-1 0527 5 
-1 041 1 4  
- 1 . 3 2 4 9  
- 1 . 1 0 4 1  

-09577 
- 0 3 6 0 5  
1 . 8 4 6 6  

-1 . 11 01 
- 0 9 9 5 0  
- 0 8 5 5 9  
- 0 6 5 3 3  
- 0 4 2 2 7  
- 0 3 1 7 1  
- 0  1972 

e 0 5 8 8  
1.5402 
- 0 9 4 7 2  
- 0 7 3 2 8  
- 0 6 2 7 2  
- 0 5 5 9 6  
-05092 
- 0 3 1 7 5  
- 0 2 7 0 3  
- 0  1 6 5 9  
- 0 0 3 3 4  

0 7 0 5 8  
1 . 9 6 1 8  
- 0 6 3 5 0  
- 0 5 2 3 4  
- 0 4 3 0 9  
- 0 3 3 6 6  
- 0 2 5 7 6  
- 0  1 4 5 0  

0 2 4 1 7  
1 .8477 
-06924 
- 0 3 8 9 8  
- 0 2 9 0 3  
-02202 
- 0 1 3 0 1  

0 8 2 2  
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ESTAR 0 4 1  

L A W U A ~ T A R  

5.2914 
3 0 1 7 Y l  
1.4430 

07569 
05128 
04542 
04296 
04076 
03877 
03117 
02606 
02239 
01962 

1747 
01574 
013L4 
01177 
01053 
00997 
00930 

.O63L 
00191 
00753 
mu719 
00698 
0660 

00633 
00609 

0566 
00546 
oCJSL8 
00511 
00495 
o04YO 
04b6 

0 0 4 5 3  
00440 
042 8 
00417 

e0396 

.oa78 

.os87 

- 8  r.7 
. Y ~ V  I 

L 

1 
L 
5 

l V  
1 5  
17 
18 
19 
20 
L5 
30 
35 
40  
45 
50  
6 0  
67 
75  
80  
0 5  
90 
Y5 

100 
105 
110 
115 
12 0 
125 
130 
135 
140 
145 
150 
155 
160 
165 
170 
1 7 5  
le0 
195 
19c 
??5 
2 00 

E T A  

00308 
1666 
5249 

1.2339 
3.1971 
3.9178 
4.1427 
4.3246 
4.4812 
5.1137 
5.6892 
b o  3282 
1.3340 
9.1613 

10.1411 
11.4726 
12.7033 
14.9812 
15.8615 
16.5841 
1 7  03407 
1Y.3179 
19.6505 
20.7827 
21.6275 
22.4079 
23.2723 
24.3672 
25.5804 
26.5816 

20.2755 
2Ye2319 
30 3506 

27.4319 

31.4498 

33.2690 
32.395 1 

34.171 ? 
35.1841 
36 02729 
37 02973 
3d.2261 
39.1299 

ETASTART 1 LDA E T A S T A R  

040625 
0131680 

Ad8546 
m232152 
0407467 
0442255 
442 362 

0438104 

0396155 
368481 

0352145 
0357731 
0397752 
0396700 
0374606 

3 71774 
392 140 

0389240 
0383173 
0378518 
e378914 

386256 
0389150 

386645 
383254 
381522 

o383558 
0307227 
0387535 

385696 
0383897 
mi383691 

38551 1 
30 1077 

0386678 
0385452 
0384645 
e38506a 

.*3 192 i 

.3862a4 

.386768 
a386261 
0385524 

0040b25 
0131480 

108546 
2 32152 

a407467 
0442255 
0442362 
0438104 
0431821 
0396155 

368487 
352 145 

0357731 
397752 
396700 

-314606 
0371774 
0392140 

389240 
0383173 
0378918 

3789 14 
3862 56 

o389150 
a 386645 
0383254 
0381522 
-383558 
0387221 
0387535 
0385696 
0383897 
0383691 
0385571 
0387077 

386678 
0385452 

384645 
0385068 . 396284 . 386768 
0386261 
.305324 

ETASTARCALC 

-8.623978 
-2 8 5 7268 

-0283695 
0202619 

302 12 1 
0320307 
a327270 
0333189 

338264 
0355328 
0364712 
0370419 
0374146 

3 761 13 
0378536 
0380947 
0382056 
0382949 
0383377 
0383733 
0384031 
384283 . 384499 
384685 
384846 

0384986 
385110 
3852 19 

0385316 
0385402 
0389479 
0385548 
0385611 
0385668 
0385719 
e385766 
0385809 
0385848 

0385917 
0385941 

385976 
-sann*  

3 6 5 0 ~ 4  

. * w w r r .  

€TARES 

6.5192 

1.3148 
01670 
08266 
1.0803 
1.0778 
1.0356 

09709 
e5270 
00583 
03284 
03365 
04846 
04638 
01948 
03913 
03513 
02389 
00242 
02526 
02595 
00894 
02385 
01007 
01013 
02188 
01055 
01262 

1463 
00154 
01216 
01458 
00076 
01104 
00765 
00308 

1068 
00745 
00345 
00791 
00282 
-n~nc ,  

3 . 7826 

-- .-- 

. 
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ESTAR 045 

L W W A 3 T A R  

5.290* 
3017Yl 
2.2708 
1.4450 
1.0597 

07569 
06359 

0512U 
04542 
04296 

03117 
02890 
2606 

02239 
1962 

.A747 
01574 

1432 
01314 
012A3 
1 127 

00878 
e0791 
00528 

.59a 7 

.3e77 

.om7 

LAMBDASTAR 

5.2994 
3.1791 
2.2708 
1.4450 
1.2227 
1.0597 

09350 

07569 
05128 
83877 
e3117 
02606 
01174 
01053 
09987 
00878 
00791 
00660 

00528 
00453 
00396 

. e 346 

.oset 

L 

1 
L 
3 
5 
7 

10 
12 
13 
15 
17 
16 
20 
25 
27 
30 
35 
40 
45 
50 
55 
60 
65 
7 0  
80 
90 

100 
150 

L 

1 
2 
3 
5 
6 
7 
8 
9 

10 
15 
20 
25 
39 
50 
75 
80 
90 

100 
120 
135 
150 
175 
2 00 

ETA 

00311 
1846 

e 6664 
1.07A9 
Le0183 

3,2109 
3.8194 
4.3252 

4.9122 

be3241 
7.0579 

9 06616 
10.BW6 
11 9578 

14.3977 
15 5904 
16.7706 
19.1633 
21.5519 
23 e 9369 
35.8671 

.33e3 

2.9847 

4.527e 

j.88eo 

e.4134 

13.1739 

ETA 

00274 
2496 
5059 

1.1629 
le5536 
1.9569 
2 3462 
2 e 7079 
3.0423 
4.5243 
5.9914 
7 . 4844 
M.96@9 

14.8859 
2L.2727 
23.7495 
21.7020 
29 e655 7 
35.5608 

44.4160 
39.9997 

5i .eooo 
59.1906 

ETASTART I LOA 

0039047 
140724 
182270 
229464 

0269490 
0362452 
e435149 
0456870 
0470718 
0466035 
0461493 
0451831 
0435390 
0433629 
e436344 
044b884 
0449827 
e44760 1 
0446493 
0447582 

e 4488 19 
.Me554 

0449045 
8449113 
044938 0 

.44a733 

448977 

ESTAR * o b 0  

E T A S T A R T I L O A  

e029865 
0162379 
e236019 
0345262 
0390321 
e 426 08 3 
e450737 
e465479 
0473154 
e476658 
e477266 
e479290 
e480202 
e 48 13 58 
e 48 1737 
e 48 1 774 
e481829 
e481867 
048 19 14 
0481928 
48 1934 
48 1989 
482003 

ETASTAR 

0039047 
140724 

. le2270 

.22e464 
e 269490 

362452 
0435149 
0456870 
047U718 
4660 35 
46 1493 

0451833 
0435390 
0433629 
436344 
446804 

e449827 
e447601 
446493 

e447582 
e448738 
0448819 
e448554 
e448877 
0449045 
e 4491 13 
0449380 

ETASTAR 

e029865 
162379 

e 236019 
e345262 
e 390321 
e426083 
e450737 
e465479 

473154 
0476658 
0477266 
0479290 
0460202 
401358 

0481737 
0481774 
0481829 
e481867 
0461914 
48 1928 

0481969 
.*e1934 

.4e2003 

ETASTARCALC 

- 1 . m o e 7  
- 0  30 1259 

e 061499 
2 94449 

03641% 
0407016 
0419547 

0430049 
4342 58 

0435870 
e438414 
e442364 
0443316 
0444936 

0446720 
0447314 
e447741 
0448057 
e448299 

.Me637 

449 008 
449 116 

e449374 

. 423e 32 

.*45e51 

.44e487 

. u a e 5 7  

ETASTARCALC 

-0352914 
0181462 

0419944 

e448651 
0456047 
0461233 
0465009 
e474229 
0471579 
0419160 
0480029 

oW1719 
401 739 

.481020 . 4e 1063 
0401920 
e481941 
0481966 

.4$2002 

3 2 e 6 ~  

.437se3 

.*e1312 

. 4eiom 

ETARES 

103326 
05060 
02149 
01925 
03845 
02402 

1034 
02365 
83343 
02949 
02514 
e 1659 
00943 
e1421 
01325 
00  193 
e0667 
e0069 
00334 
00140 
00141 
00115 
e0031 
00009 
00018 
80002 . 000 5 

E T A R E S  

e3516 
e0292 
e1986 
02515 

e1036 
e0276 
00247 
00524 
e0231 
00039 
e0020 
00032 
00014 
00008 
000 7 

00005 
80002 
00004 
.0015 
00030 
e0001 
.0000 

.iem 


